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composition and is super-accurate, yielding numerical solutions almost devoid of com-
pounding numerical errors, while allowing for direct parallelization in the temporal
direction. It is computed by implicitly solving the characteristic evolution through a

Keywords: modified transport partial differential equation and domain decomposition in the temporal
Advection-diffusion-reaction direction, followed by composition with the known initial condition. This advection
Transport scheme allows a rigorous computation of the spatial and temporal error bounds, yields
Flow map composition an accuracy comparable to that of Lagrangian methods, and maintains the advantages of
Hyperbolic equation Eulerian schemes. We further show that there exists an optimal value of the composition
Finite volume timestep that yields the minimum total numerical error in the computations, and derive

Super-accuracy the expression for this value. We develop schemes for the addition of tracer diffusion,

reaction, and source terms, and for the implementation of boundary conditions. Finally, the
methodology is applied in three flow examples, namely an analytical reversible swirl flow,
an idealized flow exiting a strait undergoing sudden expansion, and a realistic ocean flow
in the Bismarck sea. New benchmark problems for advection-diffusion-reaction schemes
are developed and used to compare and contrast results with those of classic schemes.
The results highlight the theoretical properties of the methodology as well as its efficiency,
super-accuracy with minimal numerical errors, and applicability in realistic simulations.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

Advective fluid transport plays an extremely important role in several disciplines of science and engineering. It is essen-
tial in classical fluid mechanics [7,43], atmospheric and ocean dynamics [99,95] as well as in microfluidics [108,105] and
biological flows [101,5]. Often times, it occurs as a part of a larger dynamical context involving advection, diffusion and/or
reaction processes. Advective transport on its own is governed by the following classic partial differential equation (PDE)
subject to certain initial and boundary conditions,

ap(x, ) (x,t)

ot + V.- (p&, )v(x, ) (x,t)) =0. (1)
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In equation (1), « is the ‘tracer’, i.e. the passive quantity (per unit mass of fluid) whose transport is to be studied, v is the
known dynamic velocity field, and p is the density of the fluid, with (x,t) denoting the spatial and temporal coordinates.
The solutions «(x, t) can be obtained analytically for a few known velocity fields with well-posed initial and boundary con-
ditions. In most realistic cases however, the dynamic velocity fields v(x, t) are derived as the output of some computational
fluid dynamics (CFD) simulation or are observed quantities. In such cases, one numerically solves equation (1) to study
the evolution of the tracer. The pure hyperbolic nature of equation (1) presents significant numerical challenges and most
schemes are either susceptible to a high degree of unwanted numerical diffusion or exhibit excessive nonphysical oscilla-
tions [73]. Although the use of extremely fine mesh is an option for high fidelity solutions, the computational cost quickly
becomes prohibitive and often rules out this possibility for large, realistic problems [72].

Computing the accurate solution of equation (1) is not trivial and there are several classes of numerical methods for such
solutions. First, the more traditional ‘Eulerian methods’ or ‘optimal spatial methods’ [9] compute the numerical solution
using finite differences [17,60,93], finite volumes [73,47,88,81], finite elements [46,31,44], or other numerical discretization
techniques on a spatial grid. It can be proven that central difference approximations for the temporal and spatial derivatives
commonly yields excessive oscillations and unstable solutions [73]. Considering an upstream bias (‘upwinding’) for the
spatial gradients, where the upwind direction is decided by the local velocity fields, removes these spurious oscillations
to a great extent. Some of the benefits of these methods include rigorous theoretical bounds on the spatial and temporal
errors and straightforward use of well-established robust and high-order accurate numerical methods [84,96,113,104,91,
89], many of which are implemented in numerical toolboxes [2,24,53] However, they tend to exhibit significant numerical
diffusion when the temporal truncation error dominates [73]. Such spurious diffusion effects can be large enough when they
compound to overshadow the physical tracer dispersion [9], and hence produce inaccurate solutions. In order to minimize
such errors, one can use high-order accurate schemes that rely on wide computational stencils which increase the cost
and can pose challenges near boundaries. The use of hp-adaptivity [51,12] reduces the local truncation errors but does not
eliminate their compounding over time. Further, explicit numerical schemes often pose restrictions on the Courant number
whereas implicit methods involve a large matrix-vector or a nonlinear system solve. For all such Eulerian methods, the
computational cost can thus become high and there are no direct avenues for temporal parallelization.

The second type, often referred to as ‘Lagrangian methods’ leverage the hyperbolic nature of the system to compute
tracer transport by utilizing the characteristic lines of equation (1). The various techniques developed under the umbrella
of Lagrangian methods involve the method of characteristics [94], the modified method of characteristics [21,25,98], and
transport-diffusion methods [41,45] amongst others. Eulerian-Lagrangian methods (ELM) [4,86,87] and their extensions such
as localized adjoint-based methods (ELLAM) [9,119] are used for advection-diffusion equations where the advective transport
is computed by a Lagrangian method, the diffusive component is treated on an Eulerian grid, and finally both solutions are
combined through operator-splitting methods [120]. Lagrangian methods significantly reduce the temporal truncation error,
alleviate the Courant number restrictions often found in Eulerian methods, and can be readily parallelized [80]. They pose
problems however in the rigorous treatment of boundary fluxes, especially in domains with multiple inlets and outlets, and
in maintaining mass conservation. Further, Lagrangian methods involve some form of particle tracking, which implies that
the solutions are seldom computed on uniform spatial grids leading to a loss of resolution in some regions of the domain
[70,27,28]. Further, the Lagrangian methods require the velocity field defined not only at the (known) grid points, but also
at arbitrary locations in the domain. Although high-order reconstruction or interpolation schemes can be used, they increase
the overall computational cost. This also implies that rigorous estimates for the spatial error bounds are often not available.

Another class of advection schemes, called ‘jet schemes’ [102,85] or ‘characteristic mapping methods’ [83] propose a
semi-Lagrangian ‘advect-and-project’ approach to numerically solve equation (1). These schemes use Hermite polynomials
to achieve local high-order accuracy, and the advection process is simulated by Lagrangian particle tracking. For classical
examples of level set function evolutions [90], it is observed that these methods can produce solutions with accuracy
comparable to discontinuous Galerkin methods. These methods may be combined with appropriate parallel-in-time methods
[32] to achieve some speedup.

It would be ideal to obtain numerical diffusion- and dispersion-free accurate solutions comparable to those of Lagrangian
methods, while maintaining the theoretical consistency, soundness and ease of use of Eulerian methods (i.e. on a spatially
fixed grid). In this work, we develop a new method to numerically solve equation (1), referred to as the method of composi-
tion, and extend it to advection-diffusion-reaction problems. It generalizes prior results in the area of flow map computation
for dynamical systems [122,123,70]. As shall be shown, this is a special case of the method of composition, i.e. solving equa-
tion (1) but for very specific initial and boundary conditions. A main novelty of the present methodology is its capability
to handle the advection of any passive tracer while respecting space and time dependent boundary conditions and to also
account for any classic diffusion and reaction operators. We further prove that the order of accuracy of the methodology is
at least equal to the minimum amongst the orders of accuracy of the constituent operations, which serves as a generaliza-
tion of Theorem 1 from You and Leung [122]. We also prove that there exists a particular value of the composition timestep
that minimizes the total numerical error. Finally, this method is readily parallelizable in time, which leads to a much lower
computational time, given enough resources.

The new method of composition in a nutshell involves three components. We first divide the temporal domain into
smaller intervals and compute a modified flow map by solving equation (1) taking into account the boundary conditions
over each of these intervals. These flow maps are mutually independent and hence can be computed in parallel. Second,
we compose these independent (modified) flow maps together through appropriate composition (interpolation) operators to
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yield the flow map over the entire time interval, similar to the work of [8,102,83]. Last, we compose this modified flow map
with the initial condition for the tracer field to yield the advected tracer field. There are multiple advantages to this method:
(i) as the flow map computations are mutually independent, it can be readily parallelized in the temporal direction; (ii) as
we simply solve equation (1), the computation can be performed on any spatial discretization with any existing solvers or
numerical toolboxes; (iii) due to the Eulerian nature of the computations, we can easily obtain error estimates; and (iv) as
the flow maps are independently computed and then composed, the truncation errors are not compounded in time and we
obtain an accuracy comparable to that of the particle methods.

The paper is organized as follows. The problem statement and the associated notation are specified in Section 2. The
theoretical description of the composition based advection is in Section 3; emphasizing the fundamentals behind the new
methodology, the details of the three building blocks introduced above, the addition of tracer diffusion and source terms, and
the implementation of boundary conditions. Section 4 derives specific numerical properties of the new composition based
numerical advection. We first analyze the error estimates in terms of the errors of the spatial, temporal, and interpolation
schemes used. We show that the spatial order of accuracy of this method is at least equal the minimum amongst the orders
of the spatial gradient scheme and the interpolation scheme. The temporal order of accuracy is equal to that of the time
marching scheme used. We next provide an intuitive argument for the existence of an optimal composition timestep, that
is the timestep value that results in the minimum total numerical error. We then derive the expression for this optimal
timestep in terms of the errors of the specific numerical schemes employed and explain how the optimal composition
timestep can be evaluated directly or partly numerically.

In Section 5, we illustrate properties and capabilities of the new methodology and compare and contrast results with
those of classic high and low-order schemes. Three flow fields are considered. The first is a forward-backward advection in
a classic analytical swirl flow. Due to the temporal symmetry of the flow, the initial and final transported tracer fields are
the same. This allows us to accurately capture and illustrate the error bounds, error trends with respect to the simulation
parameters, and effectiveness of the optimal timestep value for schemes of varied orders of accuracy. We then add a dif-
fusion term and create a new benchmark test for advection-diffusion in the swirl flow. We observe that the net spurious
numerical diffusion is minimal for the method of composition and validate results with quantitative error metric compar-
isons. The second example is an idealized version of a fluid flow exiting a narrow constriction that creates unsteady eddies
and meanders downstream. We include a tracer source to confirm that composition based advection can be easily combined
with forcing and reactions. Final tracer fields are compared with those of classic advection schemes and results show again
that composition based advection admits minimal numerical diffusion and dispersion. Finally, we consider a realistic ocean
flow in the Bismarck sea around a possible deep-sea mining site [13]. We simulate the advection of sediment plumes re-
sulting from such deep-sea mining operations. After 5 days of advection by the underlying dynamic ocean currents, due to
the absence of compounding numerical errors, we again see that the composition based advection leads to a more accurate
tracer evolution than regular PDE advection schemes. We also simulate this case with trajectory based Lagrangian advection.
Results indicate that the composition based advection and the Lagrangian trajectory advection yield advected tracer fields
with comparable accuracy, as expected. However, for the trajectory advection case, we observe a loss of spatial accuracy
in certain regions of the domain due to the discrete nature of particle advection, whereas this issue does not arise in the
method of composition.

2. Problem statement

In this section, we define the governing equations and our notation. Let the spatial domain be denoted by Q ¢ R" and its
boundary by 9<2. The outward normal over 92 is defined by nyq. The (unsteady) velocity field is given by v : Q x [0, T] —
R", where [0, T] is the time interval of interest. Further, we assume that the velocity v is Lipschitz continuous in the spatial
coordinate, with a Lipschitz constant £y. That is, |v(x,t) — v(y,t)| < Ly|x—y| for all x, y € @ and 0 <t < T. The tracer,
whose advection is to be studied is denoted by « : @ x [0, T] — R U {0}. The density of the fluid flow at (x,t) is p(x,t).
The initial tracer concentration over the entire domain is known and denoted by ag : 2 — R* U {0}. We assume that o is
also Lipschitz continuous, with Lipschitz constant Eg, ie |lagx) —ao(y)| < Eg |x— y| for all x, y € Q.

The evolution of «(x, t) is governed by a vector-valued advective transport equation (2),

Ipx, Ha(x,t)
_ V. X Ovx, to(x,t) =0,
o (P& V(X Do (x, 1)) 2)
ax,0) =aop(x).
This equation models the transport of a passive tracer « defined per unit mass of the fluid, under the velocity field v, with
an initial distribution (%, t = 0) = «p(x). Further, from mass conservation, we have that,

00(x, t

PED 1LY (ot v, 0) =0, 3)
Equation (2) can be simplified into equation (4) using equation (3), with no further assumptions.

da(x,t)

v(x,t)- Vax,t)=0,
ot +v(x,t) - Va(x,t)

a(x,0) =op(x).

(4)
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If the tracer concentration was defined per unit volume, o, the equation equivalent to equation (2) is given by equation

(5),

doy (X, t) _
T—i-v-(v(x, bay(x,t)) =0, 5)

ay(x,0) =0y 0(x).

Equation (5) simplifies to equation (4) if one assumes an incompressible velocity field, ie. V-v =0.

Our goal is to numerically compute the tracer field a(x,t) for all 0 <t < T, with minimum practical numerical error,
by solving equation (4) over a discretized spatio-temporal domain. Without loss of generality, we assume the domain to
be homogeneous in all spatial directions, and discretize it into N, distinct nodes, with a spacing of Ax along each direc-
tion. Similarly, the temporal domain is discretized into N; distinct intervals, each of duration At. Finally, the numerically
computed value of a quantity e is denoted by e.

3. The method of composition for tracer advection

This section derives and discusses the method of composition to compute tracer advection, defined by equation (4), as
well as the handling of tracer diffusion, reaction, and source terms, and the imposition of generic boundary conditions. The
specific numerical aspects of the method are described in Section 4.

3.1. Tracer advection through flow maps

As commonly done, e.g. [19,73,40,70,28], we now utilize the Lagrangian interpretation of equation (4). We consider the
motion of an individual fluid parcel initially located at xg. This parcel is carrying with it the tracer value «g(xg). As the
parcel is passively transported, the tracer value does not change along its trajectory.

Do _ da(x, 1) + v, t)- Va@x,t)=0
Dt~ at ’ T (6)

a(x,0) = oo(x)
where % represents the material derivative of the quantity e. Instead of devising numerical schemes to solve for equation
(6), we however take advantage of the flow map. The (forward) flow map defined between a given start time 0 and a given
end time T describes the mapping of positions in € under the advective action of the velocity field v during that time

interval [0, T]. It is given by equation (7),

dd (%) =x where Z—: = v(x(t), t) with X(0) = xg . (7)

Similarly, the backward flow map is the inverse of the forward flow map and is given by equation (8),

$2(x) =x9 where Z—: = v(x(t), t) with x(0) = xg . (8)

Clearly, the ordinary differential equation (ODE) defining the forward and backward flow maps is the characteristic ODE of
the transport PDE 6 [73]. That is, the tracer value at xy at the initial time travels with the fluid along the characteristic
originating at xp, and ends up at a position x at the end time t, where xy and x are related by equation (7) or equation (8).
This yields equation (9),

a(x,t) =a(x, 0) = ao(Xo) . 9)

Using equation (8), we obtain the expression for the tracer field at time t, given by equation (10),

a(x, ) = oo (B (%)) . (10)

That is, the tracer value at any position x at time t is the composition of the initial tracer field with the backward flow map
between time 0 and ¢, evaluated at x.

It must be noted that our definition of the flow map is a slight extension of the classical flow maps from dynamical
systems theory. This is due to the fact that we look at the flow maps as solutions of advective transport PDEs, and hence
have the ability to impose specific boundary conditions. However, we will still use the term ‘flow map’ to refer to such flow
maps that include the imposition of boundary conditions (to be discussed in Section 3.5).
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3.2. Flow map computation

A governing PDE for the flow map ¢? consists of equation (6) with initial condition given by equation (11),

op(X) =X. (11)

Indeed, equation (10) then implies that:

a(x, 1) = ao(¢P (%) = p2(x) . (12)

Thus, by simply solving equation (6) with the initial condition given by equation (11), we can compute the backward flow
map ¢r0- We refer to this as the ‘PDE based flow map computation’ [70,71]. The specifics of the boundary conditions for solving
equation (6) are discussed in Section 3.5.

Due to the reversibility of equation (6), without loss of generality, we only deal with the specifics of the backward flow
map in this work. The corresponding conclusions hold true also for the forward flow map, and can be derived by simply
flipping the temporal index.

3.3. PDE based flow map composition

Computing flow maps over longer time intervals may be expensive, especially without the possibility of parallelization.
Further as the governing equation is hyperbolic, the flow map computation is susceptible to compounding diffusive and
dispersive numerical errors. To alleviate these problems, we utilize and build upon the idea first proposed by [8] and later
used by [123] to efficiently compute the flow map. Instead of computing the flow map over the entire duration, the interval
is broken up into multiple smaller intervals of the order of a numerical timestep, and the individual flow maps (over these
smaller intervals) are computed independently of each other. Finally, flow maps are composed to obtain the flow map over
the larger interval.

Let us assume that the time interval [0, T] is broken up into k=1, ---, N distinct flow map intervals (of length At. =
T/N. each), and the flow map is independently computed over each of these intervals. Further, At is assumed an integral
multiple of the discrete timestep At, i.e. At = MAt. Then, the flow map over the entire duration is given by,

PR, =¢odso.. opy TopN . (13)

where ¢k+] = ¢((,’:)+A1“A[ Each of these individual flow maps is computed by using equation (6), with the initial condition

given by equation (11), restated here for future convenience,

I, (%, 0)
at
OF 1 (X, 1) =X.

Once the flow maps over the individual timesteps are computed, interpolation is required to compose the new flow map at
the positions given by the previous (total) flow map. We denote the interpolation operator associated with the flow map
¢k+1 by Z, k+1 Note that this interpolation operator is specific to the flow map, and does not change with the argument of
the flow map: hence it needs to be computed only once (per flow map), see also Section 4.3. With the inclusion of this
interpolation operator, equation (13) is transformed into equation (15).

PR @ =T o Tp) 0. o LN TN T opn T (). (15)

While computing the flow maps using this method, each individual computation can be readily parallelized. Further, the
method also allows the very efficient computation of ¢, for any T given ¢, as we can use ¢, , =ZP¢? o ¢, . Finally,
the application of general boundary conditions is straightforward, as will be discussed in the following section.

To summarize, the solution of equation (6) is computed by solving equation (16),

+ V@)V (%,0)=0 (14)

a(x,T) = a(x, NeAte) = Tuttg 0 0¢0 0 L) 0. o IN 1 pn 7 0 b’ (X), (16)

where Z, is the interpolation operator for the initial tracer field «o(x). The individual flow maps are computed according
to equation (14), using a timestep of At. The methodology is schematized in Fig. 1.

3.4. Inclusion of diffusion, sources, and reactions terms

We now incorporate the effects of tracer diffusion, sources, sinks, and reactions while computing the advective contribu-
tion through the method of composition. We utilize the commonly used technique of operator splitting. Splitting methods
include Lie splitting [79] and Strang splitting [107], which we shall discuss. As will be seen, the Lie splitting introduces
a first-order splitting error while Strang splitting introduces a second-order splitting error. However, in certain situations,
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Fig. 1. Composition based advection methodology. The first step involves computing the individual flow maps (while accounting for boundary conditions),
which can be done in parallel. The second step then involves computing the cumulative flow map over the entire time interval by sequentially interpolating
and composing the individual flow maps. The final step involves composing this cumulative flow map with the initial tracer field to obtain the final tracer
field. We note that the methodology is schematized for R? but it generalizes to R" as it is agnostic to the spatial dimension.

these operator splitting methods can either yield a higher order of accuracy or even be exact and introduce no splitting
error [57].
Let us consider the general form of advection-diffusion-reaction equation (17) which is an extension of equation (4),

da(x,t)

T + v -Va@®, t) =V - (k@& t)Va(x,t)) + S (a(x, t),x,t) with ox,0) =aox), (17)

where «(x,t) is the diffusivity of the tracer and Sy (x(x,t),x,t) serves to model the reaction terms (if any) and the
source/sink contributions (if any). We shall refer to S, (c(x,t),%,t) as the ‘source term’, keeping in mind the fact that
it may very well represent any of the aforementioned phenomena.

In our methodology, we solve for the advection contribution using flow map composition. The source contribution is
computed explicitly or implicitly for a first-order scheme, or integrated over one time stage or timestep for a higher-order
time-marching scheme. This is followed by solving for the diffusion implicitly. An implicit solve for the diffusion operator is
often preferred as it is stiff and imposes a strict CFL condition. We will denote this resulting implicit diffusion operator by
D.

If using the Lie operator splitting, the split equations are given by equation (18).

Oy = a(¢£+At(x), t),
Uys = S (A4, X, DAL, (18)
a(X,t+ At) =D (ax + Qys) -
The BCs are incorporated in the advection contribution and the diffusion contribution, according to the corresponding
fluxes (see Section 3.5 next). The possible ill-posedness of the diffusion operator (under zero Neumann boundary conditions

everywhere, for example) can be eliminated by any of the established singularity removal techniques [78,115]. It can further
be shown that the leading order truncation error term in the splitting error is given by equation (19) [106].

At 0S5y 9Sq
511e27<v-v<5a—EO{)-I-V-(KVSQ)—m(V{KVOl))) (19)

Thus, the Lie splitting is also second-order accurate if the (i) source term is absent (i.e. an advection - diffusion equation),
(ii) diffusion is absent (i.e. an advection - reaction equation) and the velocity field v is divergence free or the source term
is linear in «.
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If second-order splitting is desired, one can use the Strang splitting method given by equation (20).

O :Ol(d)ttJr%(x)vt)v

At
Uy = S (A4, X, t)? s

Ol/ZD(Ol*-f-Ot**) B (20)

IS
a,=o (¢t+At (®),

) At\ At
a =Sy Ol*,x,t-i-? 7

Similar to the Lie splitting, the boundary conditions are accounted separately in the advection and the diffusion computation.
Note that we chose the order of operations in the splitting to ensure that the implicit diffusion solve is only carried out once
for computational efficiency. However, this sequence is not unique, and maybe altered depending on the specific application.
For specific forms of the source term, it is also possible to absorb it in the advection [ diffusion operators and in such cases
the computation would be appropriately altered.

Even though the Strang splitting is second-order accurate in general, there are specific cases under which it is exact and
no splitting error is introduced. We borrow the results from Lanser and Verwer [57] who detail the sufficient conditions
for the absence of the splitting error. They prove that for equation (17) with Strang splitting, no splitting error exists if (i)
Sq is at most linear in o and independent of x, and (ii) v and « are independent of x. Note that this is rarely possible in
realistic cases, and hence there will always be a splitting error introduced. Lanser and Verwer [57] detail several ingenious
approaches to split equation (17) based on the specific nature of various terms involved to minimize the splitting error.
Although higher-order splitting methods are possible [49], they are rarely used in practice due to the computational over-
head and complexity of implementation. Further, it is typically observed that the temporal/spatial errors in the computation
of the individual terms (i.e. advection, diffusion, and reaction) often dominate the splitting errors, which further curbs the
need to go to higher-order accurate splitting methods [117].

In our examples, we solve an advection - diffusion equation in Section 5.1.2 and an advection - reaction equation in
Section 5.2. We use the Lie splitting method for both. Note that, for the first case, the source term is absent, and, for
the second, diffusion is absent and the velocity field is divergence free (as it is obtained from an incompressible flow
simulation). Thus Lie splitting is second-order accurate in both cases.

3.5. Implementation of boundary conditions

As equation (6) and equation (17) are PDEs, boundary conditions (BCs) are typically required to solve them, especially
when inlets and/or outlets are present.

Previous works that compute PDE based flow maps [70,71] solve equation (14) which essentially amounts to equation
(6) for a very specific initial condition, i.e. equation (11). The examples studied either involve closed domains (such as the
analytical double gyre flow) or open domains with a very specific set of BCs, stating that either the flow map field (¢)
is free to leave the domain or, when new flow map positions are to enter, they bear the value equal to the value at the
position at the initial time. These BCs, well-posed for the flow map problem, are summarized in equation (21),

ap(x,t)
ofyq
For equation (17) and general tracer advection-diffusion-reaction problems, these BCs are however not sufficient as one may
have time dependent inlets, outlets with varying strengths, specified tracer advection-diffusion fluxes, or more complex
conditions. The nature of the BCs may itself also locally change in time. None of these possibilities are accounted for in
equation (21). More general BCs are thus needed.

For tracer advection-reaction without diffusion, equation (17) becomes hyperbolic as equation (6) and equation (14). Ei-
ther a single Dirichlet or Neumann BC is then commonly imposed at boundaries. For open boundaries, due to the hyperbolic
nature, if the velocity vector at the boundary is outwards then no BCs are necessary, as the tracer then is simply advected
outside the domain. However, BCs are commonly provided when the velocity vector points into the domain. In some cases,
BCs may be irrelevant even for open domains and the equations can be exactly solved without BCs [58,29]. This occurs for
example when the whole domain of computation, e.g. the whole fluid, is deformed according to the advection process itself.

Next, we discuss the generic implementation of Dirichlet and Neumann type BCs, noting that results extend to other
well-posed conditions. We discuss these BCs when the velocity vector points inwards, but the treatment extends to the
outward BCs when they are needed.

=0 if Myo-v>0 and ¢, t)=¢*,0) if Nyg-v<O. (21)

3.5.1. Dirichlet boundary condition
Let us assume that the BC for equation (6) consists of provided tracer values, given by equation (22),

a(x,t) =apc(x,t) forxedQsuchthatv-nyo <0. (22)
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For regular PDE based advection, such BCs are typically imposed by using ghost cells, i.e. numerical cells at the domain
boundaries with the tracer value set equal to apc(x,t) [73]. Such a setup makes the resulting discretized equation well-
posed. The addition of the diffusion operator can also be handled in a similar way. Through operator splitting, we split the
advection-diffusion equation into a hyperbolic contribution (advection part) and a parabolic contribution (diffusion part).
BCs for the hyperbolic part are handled as described before. As diffusion is a stiff operator, we solve the parabolic part im-
plicitly. Dirichlet boundary conditions are readily incorporated in the RHS of the resulting linear system by again considering
ghost cells at the boundary with known tracer value apc(x,t) [58].

For the method of composition, we solve the transport PDE to compute ¢ (x, t), not «(x, t). Thus, we need to reformulate
the BCs given by equation (22) into BCs that make equation (14) well posed. This is achieved by the using marker positions.
The marker positions are defined as fictitious position values that do not lie in the domain, and are exclusively utilized
to impose boundary values on the flow map computation, i.e. equation (14). These marker positions simply keep track of
where a particular position entered the domain from, and what its corresponding tracer value was. Thus, the total number
of distinct marker positions required is equal to the number of distinct discrete Dirichlet BC values throughout the entire
spatio-temporal domain of interest. Let us denote the marker position corresponding to a location ¥ on 92 at time t by
xpc(t). Note that xpc(t) ¢ 2. We also define composition operations over these marker positions through equation (23),

oo (Xpc(t)) = e (X, 1),

(23)
oK, 1 Rpc (D) 2 Xp (D) .
The numerical solution of equation (6) with Dirichlet BCs starts by solving the following system of PDEs,
Ig ., (x. )
— T V@D Ve, @0 =0,
(24)

¢;’f+1 (x,t) =X,
¢/’<<+1 (x,t) =xpc(t) Vxe0Q,

which provides the set of individual flow maps. The addition of the diffusion operator is handled similarly, as described
above, by reformulating the resulting linear system to include these BCs in the RHS by using ghost cells. The composition
step equation (16) is then completed, utilizing the composition operation over the marker positions xg¢, defined by equation
(23).

3.5.2. Neumann boundary condition

We now discuss the implementation of the Neumann BC, given by equation (25),
da(x,t N
# =ky(x,t) forxe dQsuchthatv-ngo <0. (25)
onyo
Although we discuss BCs on the first derivative, results directly extend to higher-order BCs and Robin BCs. Neumann BCs are
implemented by suitably modifying the problem such that they can be reduced to special Dirichlet BCs for the individual

flow maps. For the advection PDE, we write equation (6) along the boundary as follows:

da(x,t)
at
where the subscript fi indicates gradients along the normal direction to the boundary and the subscript ¢ L gradients along
the basis components of the hyperplane orthogonal to n. Note that fi and the basis of its orthogonal hyperplane can always
be uniquely expressed in terms of the grid coordinates. Substituting equation (25) in equation (26), we obtain:

% + v, ) - Va(x, 1) =—Vax Dk (X, t). 27

Note that equation (27) is similar to equation (17) with k =0 (see Section 3.4), simply one dimension lower, with Dirichlet
BCs over the codimension-one hyperplane locally orthogonal to the boundary. Thus, equation (27) can be solved by the
combination of schemes already presented in Section 3.4 and Section 3.5.1.

For the advection-diffusion PDE, the BC is implemented similarly to Section 3.5.1. We first split the PDE into a hyperbolic
part (solved explicitly) and a parabolic part (solved implicitly). Neumann BCs can be applied as described above to the
hyperbolic part. For the parabolic part, we can accommodate the BCs again through ghost cells, where the ghost cell values
are implicitly incorporated by adding local numerical approximations of the derivative to the linear system.

Computationally, another approach to impose Neumann BC is as follows. First, according to the numerical stencil used

to discretize M the boundary values of « can be explicitly computed in terms of the interior values by solving a local

onyo
linear system resulting from the BC discretization. Once the boundary values to be advected into the domain are computed,

they can be imposed as Dirichlet BCs, as described above. Such numerical Neumann BCs is then completed for each of the
individual time duration independently.

+ (va®, 0, v D) (Voa®, 1), Va (x,1) =0, (26)
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Imposition of Neumann BCs for the individual flow maps require special attention at the composition/interpolation step.
Specifically, the order of the numerical interpolation scheme must be equal to or higher than the order of the derivative
involved in the BC. This ensures that the error introduced in the composition of the BC is at least one order higher than the
error in the discretization of the BC itself, and the dominant order of accuracy thus remains unchanged.

4. Numerical properties

This section derives numerical properties of the computation of advective transport, i.e. equation (6), using the compo-
sition method. First, total error bounds are derived. This is followed by a discussion on the existence and derivation of the
‘optimal’ composition timestep value, for which the net error is minimized.

4.1. Error estimates

We derive error bounds for the computation of the flow map using the method of composition in terms of the spatial
discretization (Ax) and temporal discretization (At). We assume that the accuracy of the velocity gradient computation is
O(AxP) and that of all interpolation operations are O(AxY). The time marching scheme for the advection computation is
assumed to have a local truncation error of order O(At?). We denote by | e | a well-defined norm to measure error fields.

The proof extends the results of You and Leung [122] who show that the composition of the flow map for a dynamical
system is second-order accurate, as their advection scheme, if the interpolation is at least second-order accurate. Inspired
by classic initial value problem error analyses [112,10], we generalize this result to the advection of any passive tracer
and prove that the advection computation has a temporal accuracy equal to that of the time marching scheme used, and
has a spatial accuracy at least equal to the minimum amongst the orders of accuracies of the advection and interpolation
operations, regardless of the specific numerical schemes and orders of integration employed.

The exact value of the tracer field at time T is given by a(x,T) = ozo(d:,?,C (x)), whereas the computed solution is given

by Iaag(ib,?,c (x)). The total global error (omitting the ¥ dependency for brevity) is then:
E=|Toa0(@%,) — a0 (08, )| = [Tacro (7069 (21, ) ) — 0 (47 (04,)) | - (28)

Adding and subtracting oq (I?q?? (qB,{,c)) and using the triangle inequality, one obtains:

E < [Taco (2969 (84, ) ) — 0 (2049 (91, ) )| + oo (2949 (@1, ) ) — o (47 (04, )| - (29)
Further simplifying the notation, we henceforth omit the temporal indices of interpolation operators (since each interpola-
tion corresponds to the flow map following it). We denote the exact tracer advection over [0, t;] by o (e) = g (¢>,? (o)) and

the exact backward propagation to t =0 of errors made beyond t =t by & = | (8) — o (e)|. The equation (29) can then
be rewritten,

E < |Zaco (269 (81, )) — a0 (267 (94.) )| + 0. (30)

where the first norm is the error due to the interpolation of the tracer field at t =0 and the second is the net error & due
to the numerical backward flow map integration over [T, 0]. As the interpolations (including Z,) are of order y, we can
further bound E by:

E<CAX +&, (31)
where Cj, is a constant independent of Ax and At. Next, we expand & to link & to &, using the fact that,
Vk =10 N ai(e) = a0 (80 #) = ao (90, (471 ®)) = e (97 @), and thus, & = | (471 @) -
w1 (67 @)

& < ‘Oto (IQE? (flz}vc» — (Iqb? ((Z),]\,c))’ + ‘0{0 (Iqﬁ? (‘511\15» — o (¢? (QE}VC))‘ +&, (32)

where the first norm is an error due to the numerical flow map integration over [0, t1], the second is an interpolation error
for the flow map over [0, t1], and the third is the net error £ due to the numerical backward flow map integration over
[T, t1]. Since «q is Lipschitz continuous of constant Eg (see Section 2),

&= % |707 (91, ) — 747 (38, )| + & [269 (4. ) — 97 (4. )|+ 1. (33)

Let us assume that the norm of each discrete interpolation operator, |Z|, is bounded by C; independent of Ax. From Sec-
tion 2, the dominant numerical advection error in the individual flow map computation can be asymptotically written as

. We then obtain equation (32),
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M (CAX AxP + Car At"), where Cax and Car are non-negative constants independent of Ax and At, and of C;. As a result,
we obtain for the first term in equation (33),

)I(Z)? (é}vc) —7¢? (qE}VE)‘ < C;max ‘J;? - ¢?) < CIM (CaxAXP + CarALY) . (34)
For the second term in equation (33), as the interpolation is of order y, we obtain:
’Iqb? (qf)}\,) —¢9 (q?,{,c)‘ < AxY max ‘3)’4)?‘ < C,¢AtCAxye(2V_1)L"Atf , (35)

where the latter step is obtained by using Lemma 5 from [122], and C, is a constant independent of Ax and At. Finally,
substituting equation (34) and equation (35) in equation (33) results in equation (36),

go<L5 (C,M (CaxAXP + Car AL?) + c,¢AtCAxVe<2V*“‘:V“C) +E =LOE+ &, (36)

where £ = C;M (CaxAXP + Car At?) + Cj, Atc Ax? e®y ~DEvAL Finally, to obtain a recursive relation to compute &, we
need to compute the Lipschitz constant of «j (denoted by ll’(;) in terms of the known quantities.

Lemma 4 from [122] provides a way to relate these quantities. It states that if the velocity field v has a Lipschitz con-
stant Ly, then we have [¢9(*1) — ¢5 (*2)| < e£*N2t|x; — x5|. (The theorem stated in [122] deals with forward flow maps,
however the analogous results hold true for backward flow maps as well). As a result, we have:

o) — ()| = £ |60 x1) — P x2)| = L 1 — ] (37)

Equation (37) implies that the Lipschitz constant of ay is £K = £0e£vkAte,
Using equation (36), recursively substituting for &, and using L{;, we obtain equation (38),

EosLYE+E < E(LS+. . +LY) +En.. (38)

However, &y, = ‘ao <¢19,c> — oo (ngc)‘ = 0. Substituting for [Z’fx in equation (38), we obtain equation (39),

LyT
e~vi —1
So<EL (1 G pebvkate gy eﬁvaNv) < €LY - (39)
Substituting equation (39) in equation (31), we obtain:
eLvT 1

Note that, even though the first term on the right hand side has a non-polynomial dependence on At, the following relation
always holds:

14... felvkdte 1 4 eLvNeAte o N max (1, eﬁ"T) ) (41)
Substituting this in equation (40), we finally have:
E < £y max (1,e57) (Cf (NeMCax AXF + CarTAL™) + €, T ARV €@ ~DEVAE) 10y AXY . (42)

We note that this is the global error summed over all timesteps and not the instantaneous local error [20,112]. At worst,
there is an addition of errors. There is indeed no multiplicative compounding of errors. This leads to “super-accurate”
properties discussed in Section 4.3.

4.2. Optimal composition timestep

We note that the method of composition involves two basic operations, namely advection and interpolation. We now
present an analysis that provides an optimal composition timestep, yielding minimum (or near minimum) total error. As
the available velocity field is gridded, we have an already established Ax, and hence we are only concerned with finding an
optimal Atc, henceforth denoted by Atp;.

The intuitive argument for the existence of the optimal composition timestep is as follows. First, each individual flow
map advection (over M timesteps) introduces errors that depend on both Ax and At. Second, when composing this flow
map with the flow map for the previous time interval, the interpolation operation introduces an error that depends only
on Ax, as this operation is localized in time. Hence for fixed start and end times, as At and thus At = M At decrease, the
advection error decreases. However with a decreasing At. more interpolations are performed, and the total interpolation
error increases. Conversely, for a large At., the total advection error is high, but the interpolation error is low (as less
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number of interpolations are performed). Such an interplay between the advection and interpolation errors suggests the
existence of an optimal At. that minimizes the total error.

For the following analysis, we assume that M =1 (i.e. At; = At, Nc = N¢, and At = T/N¢). That is, the number of
composition intervals is the same as the number of timesteps. The PDE 6 is thus solved for each timestep independently,
and the resulting timestep flow maps composed with each other. The extension of this result is straightforward for M > 1.

We could start from the bounds provided by equations 34 and 35. However, we can obtain an estimate of the optimal
timestep in closed form from a simpler analysis. We consider the errors in the computation of the tracer field during a
single timestep. They are due to the numerical advection and interpolation errors, but for At, = At, without compounding
of errors within the flow-map computation. We assume that we are given an exact backward flow map qb,l\,[ and consider
the remaining timestep [0, t1]. The error then is:

Eae = [Tacto (769 (9,)) — oo (87 (6},)) | - (43)
Separating the interpolation error from the flow-map error and using triangle inequality leads to the bound:
Tacio (Z99 (#4,)) — 0 (69 (94, )| + |ero (76 (81,)) — o (49 (1)) | -

As the order of interpolation is of order ¥ and «g is Lipschitz continuous, we obtain,

Eant <

Ear = Ci, A% + 25 767 (#1,) — 99 (44,

Next, as for equation (34), since the numerical advection is of order 8 in space and 6 in time, the error in the computation
of Z¢) (q},l\,[) can be written asymptotically as Ax and At — 0,

169 (¢h) — 99 (@)

Hence, if we now only retain the lowest-order terms for Ax and At in the estimate for E, we obtain,

~[260 (08) — 47 (8),)| ~ Cax ¥ + Carat”.

Eat & CxAX* + LOCar ALY, (44)

where A = min{y, 8} and Cx = Cjx if y < B, Cx = L3Cax if ¥ > B, and Cx = C,x + L3Cax if y = B. Equation (44)
yields the error bound for the computation of a single timestep, independent of the errors committed in the other timesteps.
With the present method of composition, the order of the largest possible error is only the sum of these errors from
the individual timesteps (individual composition steps when At. > At), unlike the faster compounding of errors seen in
common time integration schemes of ODEs and PDEs (e.g. exponential or polynomial growth). Hence, using equation (44),
we write the net error as:

E = NtEac ~ Ni (CxAX* + Lo Car ALY)
cgcATT9>

NG

& E~N; (CxAxA +
t

Denoting Cr = LCarT?, we then have:

c
EchAkaﬁNTT_]‘ (45)
t

Our goal is to compute the optimal timestep, i.e. optimal N¢, given the time interval. Hence we enforce:

oE
dN¢

NEPt

We then obtain:

0—-1)C
0-vcr_,

(vr)

N — (u) |

CxAxY —

CxAxY

Therefore, the optimal timestep At = T/N;’pt is given by equation (46):
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1

CxA A 0

N (Xi") . (46)
@®—-1Cr

The computation of the optimal timestep requires prior knowledge of Cx and Cr, which is typically well-known for low-
order schemes. However, for higher-order schemes, these estimates may not be available in closed form, or the bounds may
be coarse. In such cases, the optimal timestep may still be computed numerically. As the existence of the optimal timestep
is known, we compute the total error while decreasing the timestep. The value of the timestep at which the total error just
starts increasing is the optimal timestep.

Another possible approach is as follows. The value of cg can be easily computed as the initial tracer field is known. For
example, if the initial tracer field is differentiable, L',g = MaXxco 3(% To estimate the constants C;x, Cax, and Ca7, we com-
plete a set of simulations with different Ax and At. The y intercepts of the appropriate log — log plots yield the asymptotic
values of these constants [62]. Using these values along with equation (46), we can compute the optimal timestep value for
higher-order schemes, as will be illustrated in Section 5.

4.3. Remarks
We now provide a few remarks and observations.

Super-accuracy

If the numerical PDE advection involves explicit schemes, stability (e.g. CFL) conditions would be commonly imposed.
However, each composed advection is here carried out separately (if M = 1, for each At), and are thus independent and
decoupled from the other advections, without multiplication of errors. This is because the numerical advections of past
composition timesteps are not directly utilized in the new numerical advection. Within At = M At, past numerical advec-
tions are only used M — 1 times, with M =1 or small. After At., there is thus no multiplicative compounding of past errors,
neither of spatial and temporal truncation errors, nor of round-off errors. For M small, there is thus no possibility for nu-
merical instability, even for classically unstable advection schemes. Without multiplicative error growth, spurious numerical
diffusion or dispersion are also not possible. Hence, in all of our simulations (not all shown), we observed neither growth
nor propagation of numerical errors and instabilities, even for larger timesteps. Combining all of these properties together,
the result is what we refer to in short as “super-accuracy”.

To ensure stability in the case of M large and large optimal composition timestep At; = Atop, One needs to ensure that
At is small enough. This is because each individual flow map (of duration Aty ) is computed by solving equation (14) using
the small timestep At, ensuring that the advection scheme is stable.

Of course, in all cases, the global truncation error is in general larger if At is larger. The super-accuracy however ensures
that this global error is not affected by compounding of the local truncation errors.

Optimal grid spacing

If the velocity field is analytically known or if spatial interpolations can be performed, then the optimal grid spacing
may also be computed, by using a desired CFL number or desired local accuracy. Considering the former, let us assume a
characteristic velocity / and a desired CFL value of C. Then we have:

At
C=U—. (47)
AX
Inserting the optimal timestep of equation (46), we obtain,
1
C Axk—@ 2
C=ur 222 (48)
©@—-1Cr
As a result, for the desired C, the optimal grid spacing is given by equation (49):
1 6
@—1Cr\>? [ C \*°?
AXopt = | —————— — . 49
= - (49)
The corresponding optimal timestep is given by equation (50):
2] 1
C({C\*? ((O—-1)Cr\*?
Atopr = — | — - . 50
i U<uT) < Cx ) 0

Parallelization and memory

It is clear from Section 3.3 that the individual flow map computations and the corresponding interpolation operator com-
putations are completely independent and hence can be parallelized. Thus, if one has access to large number of processors
(larger than the number of flow map computations i.e. N¢), the entire computation would simply require a computational
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time comparable to the time needed for a single advection timestep computation. However, where we gain in computational
time, we lose in storage. The more the parallelization, the more the storage (if all the N, processes are run in parallel, we
need to store N, fields instead of just one). Often, one has access to only a small number of processors. In such cases,
efficient parallelization strategies can be designed to minimize the net computational time and memory requirement. For
example, if we have access to four processors, than an efficient strategy can be to compute the flow map ¢8'25NC on proces-

sor 1, ¢8;§,5V’EVC on processor 2, ¢8:?év,f,c on processor 3, and ¢,%‘C75N° on processor 4 in parallel. Each of these four computations

would still use composition of constituent flow maps (each over a single optimal composition timestep duration), but now
without storing the intermediate fields. Once these computations are complete, they can be composed together and with
the tracer initial condition to yield the final tracer field. In general, if Nproc processors are available, then the computational
time is reduced by a factor of N, while the memory usage is increased by the same factor (as compared to a completely
serial solve). Depending on the specifications of the system (FLOP count, I/O speeds etc.) an optimal choice about the degree
of parallelization can be made. Note that this discussion is only pertinent to the case of the advection equation, and if one
is to solve for a case with diffusion and/or sources, no time parallelization is possible. Of course, space parallelization can
still be used.

Storage vs. re-computation of the flow map

For multiple tracers, it may be desirable to store the computed intermediate flow maps (and the associated interpolation
operators) in memory if the storage access is efficient, or they can be recomputed whenever required if the machine has a
better FLOP count. In general, there is no preferred choice, and the decision may vary from case-to-case. If the flow map
computation is completed online, just after the new advection velocity is itself computed, the storage needs are limited.
These needs then depend on the ratio of the optimal flow map composition timestep to the velocity advection timestep.

Unavailability of the velocity field at all intermediate times

It is common for velocity fields to be available as snapshots only at certain fixed times, and not at all the required times.
This occurs when one is trying to study the advection of a tracer field in experimentally observed velocity fields, either in
a lab or in nature (ocean, atmosphere, etc.). In such cases, the snapshots of the velocity field need to be interpolated at the
required times. This introduces further errors in the numerical advection, however it does not affect the interpolation as
this operation simply requires only the computed flow maps. Even though a rigorous treatment as in Section 4.2 is possible,
here we present a qualitative description of the effect of velocity interpolations. As the timestep size decreases, the number
of advection computations increase. Even though the truncation error in each of the advection computations is small, the
error due to the interpolation of the velocity fields required for these computations is larger (along with the interpolation
error in the flow maps). However, for larger timesteps, even though the (truncation) error from the individual advection
computations is large, the error due to the interpolation of the velocity fields at intermediate times is low (as the velocity
field is needed at less intermediate times). This implies that knowing the velocity field only as snapshots in time has the
same effect on the optimal composition timestep size as the flow map interpolation. Thus, if this fact is not taken into
account while predicting the optimal composition timestep, the computed optimal timestep value would be smaller than
the actual optimal timestep (i.e. when the velocity interpolation is also taken into account).

Effect of round-off error on the optimal composition timestep

The current analysis to compute the optimal numerical composition timestep only accounts for the truncation errors in
the flow map computation, interpolation operation, and the propagated error. However, during the actual implementation,
one might also want to consider the effect of round-off errors due to finite precision arithmetic. Specifically, let us assume
that round-off errors in a single advection computation (to compute ¢f 1) 1S R4 and that in the interpolation computation
is R;. The value of R4 would not be significantly affected by the size of the timestep (i.e. even though the truncation error
will be large for large timesteps, the magnitude of the round-off errors may not change much). Assuming that N; is large
enough, and as all the individual advection computations are decoupled, we can assume that the total round-off error in
the advection computations is of the order of the maximum amongst the individual R 4’s. We can further assume that the
round-off error in the interpolation operations (R;’s) would all be of the same order. Thus, similar to R 4, the net round-off
error in interpolation would be of the order of the maximum amongst the individual interpolation round-off errors. Once
these are estimated, we can account for these in the error balance equation (equation (45)) that now yields the modified
optimal composition timestep. Often times, the round-off errors will be negligibly small as compared to the truncation
errors and can be neglected. However, for machines with lower precision, and stiff flow fields, the round-off errors may be
significant.

5. Results and applications

We now illustrate the methodology and schemes developed in Sections 3 and 4 in both ideal and realistic examples.
We first show the results related to the optimal composition timestep estimates. This is followed by the applications of
the composition based advection methodology to idealized and realistic fluid flows, and by comparisons with common
numerical advection schemes.
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Fig. 2. Relative error in the final tracer field against the timestep size for the donor-cell - forward-Euler and WENO5 - TVD-RK3 combinations, respectively.
For the donor-cell - forward-Euler (Fig. 2a), the analytically evaluated ‘optimal timestep’ is Atope = 0.01637 (dash-dotted line), which is close to the
observed minimum error timestep. For the WENO5 - TVD-RK3 (Fig. 2b), the predicted optimal timestep is at Atoy =0.027633 (dash-dotted line), which is
also close to its observed minimum error timestep at At =0.019.

5.1. Optimal timestep results and advection-diffusion in a reversible analytical swirl flow

In order to compare the resulting numerical errors accurately, we require a test case where the analytical solution is
exactly known. We therefore choose the classic test case of an analytical swirl flow in a closed square domain (x,y) €
[0, 1] x [0, 1] [22,76], where the non-dimensional velocity is given by equation (51),

v(x,y,t)= (C(t) sin? (7 x) sinm y), —C(t) sin? (ry) - sin(ZnX)) . (51)

Here 0 <t <1,and C(t)=1V t<0.5and C(t) =—1 V t > 0.5. The direction of the flow thus reverses at t = 0.5. Due to
symmetry, the final tracer field is exactly equal to the initial condition. This allows computing the errors incurred in the
various methods to a high degree of precision. The non-dimensional initial condition for the tracer field is given by equation
(52),

Qo(X, y) = exp (—100 ((x —0.25% + (y — 0.25)2)) . (52)

5.1.1. Optimal composition timesteps

To illustrate the results related to the optimal composition timestep, we use the first-order upwind scheme (also called
the donor-cell method) for the advection flux, forward Euler time marching, and bilinear interpolation. The composition
operation is here performed after every timestep, i.e. M = 1. The domain is discretized in 256 x 256 control volumes. As
explicit error bounds are available for these schemes, the optimal timestep At,y is evaluated using equation (46). Fig. 2a
shows this optimal timestep value and compares it to the actual total error (numerically computed) for a wide range of
timestep sizes. This actual total error is observed to be minimum at a timestep very close to the optimal one.

Fig. 2b shows the actual total error against the size of the timestep for the same test case, but when the 5th-order
accurate WENO scheme (WENOS5) [91,50] along with third-order accurate TVD Runge Kutta (TVD-RK3) time marching [36]
are used for advection and a WENO based interpolation scheme (also 5th-order accuracy) is used for interpolation [100].
It is observed that the actual total error is minimum for a certain timestep value. It can be challenging to compute the
optimal timestep value accurately for higher-order schemes, as the analytical error bounds may not be available and/or may
be loose. To estimate the optimal timestep in this case, we follow the approach outlined in Section 4. We know the values
of ¥, B and 6 through our choices of numerical schemes, along with the value of Eg. We estimate the constants Cjx, Cax,
and Car through multiple simulations with different Ax and At. Once the values for these constants are obtained, we
compute the optimal timestep value for higher-order schemes using equation (46). Fig. 2 confirms that this optimal value is
close to the observed minimum of the actual total error. Lastly, as the following results describe, when using the method of
composition for advection, higher-order schemes are typically not needed, as lower-order schemes already provide accurate
solutions without compounding errors. Hence, even though the analytical optimal timestep may not be available, or might
be difficult to estimate for certain higher-order schemes, it is of little impact in practice.

In Fig. 2, we note that the two predicted optimal timesteps are very close to, but slightly larger than, the two observed
minima. Overall, a larger analytical optimal timestep will be observed when interpolation errors are overestimated or PDE
errors are underestimated. This can occur for several reasons. First, interpolation errors are estimated using the global bound
through 97 ¢. Since this value varies in space, the expected average interpolation error could be low but the maximum could
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Fig. 3. Relative error in the tracer field at final time t =1 for the forward-backward advection in a reversible analytical swirl flow. Fig. 3a shows the relative
error against the number of grid points, where we observe the expected orders of convergence for the two numerical schemes used. Fig. 3b plots the
relative error against the computational time, for the same spatial grid resolutions as Fig. 3a. It can be seen that composition based advection requires an
order of magnitude lower computational time for the same accuracy. (For interpretation of the colors in the figure(s), the reader is referred to the web
version of this article.)

be high (in which case we could overestimate the true averaged error). Second, the PDE error can be underestimated since
we only consider the dominant error component and truncate the rest of the error expression. This truncated expression
can thus underestimate the net error in the PDE solve. We also note that the magnitude of the truncated terms relative to
the actual total error will vary with the order of the schemes, and so the relative accuracy of the optimal timestep will also
vary, as is shown in Fig. 2. Finally, in deriving equation (46), the integrated effects of the interpolation and advection errors
over one timestep were separated into to a sum of errors.

5.1.2. Advection by the reversible swirl flow

Building on the above validation of the optimal timestep derivations, in all the studies henceforth, we utilize At = Atop
and select M = 1. Fig. 3a shows the relative total error in the final tracer field at t =1 against the grid spacing. The
relative error for the method of composition is found to be much smaller than that for the regular PDE based approach
even if the order of convergence of the latter is significantly higher. One observes that even a first-order composition based
method yields smaller errors than a 5th-order regular PDE based method, for up to about 600 x 600 grid points. This is
mainly because the composition based method computes an independent flow map for each timestep, thus the diffusive or
dispersive errors in the numerical scheme for advection are not compounded in time. The computational time required for
a specific accuracy is orders of magnitude lower for the method of composition. This is clearly observed in Fig. 3b, which
plots the relative error in the solution against the computational time (in seconds). The spatial grid resolutions considered in
this study are the same as those from the study of relative error against grid spacing, and the computational time increases
with decreasing grid spacing (increased resolution). These simulations were performed in MATLAB on a single quad-core
Intel i7-4790 CPU clocked at 3.60 GHz. It was ensured that no parallelization was used between the different flow map
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computations for the composition based advection to maintain a fair comparison between the methods. However, MATLAB's
internal vectorization/parallelization for matrix-vector operations was not disabled. As both the approaches used the same
internal routines and sub-routines, these internal operations impacts both the methods similarly. These results suggest that
even as low as first-order accurate composition based advection should yield good accuracy, and practically there is little
need to go to higher-order schemes.

Finally, Fig. 4 shows the initial tracer field followed by the tracer fields at t = 0.5 and at t = 1. As mentioned above,
ideally the tracer field at t = 1 should be identical to the initial condition. We find that regular advection with low-order
numerical schemes (Fig. 4a) suffers heavily due to numerical diffusion, whereas regular advection with high-order numer-
ical schemes (Fig. 4b) is minimally prone to such errors, and recovers the initial tracer field well. However, even when
using low-order numerical schemes, the method of composition is able to almost exactly recover the initial tracer field
(Fig. 4c) due to the lack of compounding numerical errors. This further reinforces the result that low-order composition
based advection produces results comparable to much higher-order regular advection schemes.

5.1.3. Advection and diffusion in the reversible swirl flow

To showcase the developments of Section 3.4, we now add tracer diffusion, specifically a non-dimensional diffusivity
k =3.5x 1074 in equation (17). We create a new benchmark problem that extends the classic swirl flow advection test to
a new advection-diffusion test. The underlying velocity field is still given by equation (51), but the tracer is now advected
and diffused, with an initial condition given by equation (53),

ao(x, y) =1 (0.185 < \/(x —0.25)% + (y — 0.25)% < 0.20) , (53)

where I is the indicator function, that is equal to unity if the condition in the parentheses is satisfied, and is zero otherwise.
That is, the initial tracer is unity inside a ring of outer radius 0.2 and thickness 0.015, centered at (0.25, 0.25). This initial
condition provides high tracer gradients along the inner and outer circumferences of the ring for diffusion to work, during
both the forward and backward swirl advections. The results thus highlight the effects of spurious numerical diffusion and
dispersion.

We solve this benchmark using Lie operator splitting (see Section 3.4) with, for all advection schemes, a second-order
accurate implicit diffusion solve. We compare and contrast classic advections (first-order donor-cell and 5th-order WENO)
with the composition based advection (first-order donor-cell) using the optimal numerical timestep of equation (46). The
grid resolution is 256 x 256.

Fig. 5 shows the initial tracer field followed by the tracer fields at t = 0.5 and t =1 for the regular advection - diffusion
solve (with low-order and high-order advection schemes) and the composition based advection - diffusion solve. Once can
clearly see that the numerical diffusion in Fig. 5a causes the inner hole in the ring to close up by t = 0.5, whereas the hole
is not closed up for the higher-order regular advection and composition based advection (even though this composition
scheme is only first-order). Further, after backward advection and diffusion (t = 1), contrasting the last panels of Fig. 5b and
Fig. 5c, we find that the hole is closed up for the WENO based regular advection, but still persists for composition based
advection, indicating that the former has larger spurious numerical diffusion than the latter. This fact is corroborated by the
relative error in these fields (where the exact solution is assumed to be that on a 1024 x 1024 grid, using 5th-order WENO
regular advection), as illustrated in Table 1. This showcases the usability and the superiority of composition based advection
in solving advection-diffusion PDEs.

5.2. Composition based advection: advection-reaction in an idealized flow exiting a strait

We now examine tracer advection in flows encountered in the coastal oceans and in urban environments, and include a
source term and variable boundary conditions. A barotropic jet exits a strait or an estuary into a wider channel and creates
unsteady eddies and meanders downstream [75]. In urban settings, wind blowing through narrow constrictions between
buildings into an open area also creates similar dynamics. Such flows can be idealized as sudden expansion flows that have
been studied extensively [11,23,26].

Fig. 6a shows the schematic of the idealized 2D test case. We consider a 20 m x 1 m channel with an inlet narrow
constriction of width 1/3 m and length 4 m. A uniform jet with a velocity 1 m/s enters the inlet constriction at x = 0.
The other boundary conditions for the velocity are no slip at all the walls and an open (radiation) boundary condition at
the x = 20 outlet. The velocity field is first developed for 500 s. Recirculation zones and breaks form, either to the north
or south of the centerline, depending on the initial uncertain perturbations. The Navier-Stokes equations are solved using
a finite volume framework with second-order spatial and temporal schemes and a projection method for pressure-velocity
coupling [115]. Fig. 6 shows the advection flow field, at three discrete times t = 10, t = 30, and t = 50 s, after the initial
development period of 500 s.

For the non-dimensional tracer field, we assume that a unit value enters the domain at the x = 0 inlet along the center-
line, with a width of 0.1 m, and that there exists another Gaussian-shaped tracer source of intensity 0.05 s—! centered at
x=2m, y = 0.25 m. The boundary conditions are Dirichlet at the inlet, no flux at all the walls, and open (radiation) at the
outlet. Further, we assume that there is no tracer diffusion, i.e. k = 0. The tracer advection-reaction equation (17) is solved
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Fig. 4. Forward-backward advection in the analytical swirl flow: the three panels in each sub-figure show the initial tracer condition, the tracer field after
the forward advection is complete, and the tracer field after the backward advection is complete, respectively. Regular advection with low-order numerical
schemes (Fig. 4a) suffers heavily from spurious numerical diffusion, whereas the method of composition can almost exactly recover the initial tracer field
(Fig. 4c), due to the lack of compounding numerical errors.
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Fig. 5. Forward-backward advection and diffusion in the analytical swirl flow: the three panels in each sub-figure show the initial tracer condition, the
tracer field after the forward advection and diffusion part is complete (i.e. at t =0.5), and the tracer field after the backward advection and diffusion is
complete (i.e. at t = 1), respectively.
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Table 1
Relative errors in solving the advection-diffusion equation for the reversible swirl flow
(all methods use Lie operator splitting with a second-order implicit solve for diffusion).

Advection method Relative error (%)
Regular advection: Donor-cell, forward Euler 7.32%
Regular advection: WENO5, TVD-RK3 1.02%
Composition based advection: Donor-cell, forward Euler 0.76%
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Fig. 6. Flow exiting a strait: Test case setup and the velocity fields. Panel (a) shows the setup and the latter three panels show the velocity field at the
specified times after the development period. The velocity field is computed by solving the Navier-Stokes equations in a finite volume framework with
second-order spatial and temporal schemes and a projection method for pressure-velocity coupling [115].

for t =0,---,50 s after the initial velocity development period. The tracer computational setup involves a 160 x 120 grid,
and both the method of composition and the regular advection computations utilize the WENO5 scheme for the spatial
gradients and TVD-RK3 for time marching. The timestep value is the optimal timestep for the method of composition. The
contributions from the source and advective transport are computed independently of each other using Lie splitting, as out-
lined in Section 3.4. This example showcases the ability of composition based advection to correctly handle tracer sources
and multiple types of tracer boundary conditions, as the inlet has a Dirichlet boundary condition whereas all the walls have
a Neumann boundary condition.

Fig. 7 shows the tracer fields at t =10, t = 30, and t = 50 s after the initial development period. It is clear that the
method of composition results in minimal numerical diffusion in the advection process, whereas the regular advection
results in a much higher amount of numerical errors. To compute the accuracy of our solution, we compare both the results
with a more refined simulation (of grid size 480 x 360). We obtain that the relative error in the method of composition
is 1.27%, whereas that in the regular advection is 4.18%. This showcases the advantages of the method of composition to
simulate advection-reaction problems.

5.3. Composition based advection: realistic ocean flows and sediment plumes in the Bismarck sea

For a final example, we simulate the advection of passive sediment plumes in the Bismarck sea. This example is inspired
by the need to study the impacts of proposed activities to mine the seabed for rare metal resources [42,13]. Extracting
these metal ores from the seabed can create a plume of fine particles. These sediment plumes may be released at various
depths within the ocean, and they can prove to be extremely harmful to the local marine ecosystems and its components
[118]. Further, they are advected by the dynamic ocean currents and hence can end up far from the original release location.
It is thus of utmost importance to quantify and mitigate the impact of such activities on the surroundings. High-accuracy
sediment transport forecasts without compounding numerical errors are thus needed.
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Fig. 7. Flow exiting a strait: tracer advection-reaction. Panels on the left-hand-side show results using regular tracer advection (WENO5 in space and
TVD-RK3 in time), specifically the tracer field at 10, 30 and 50 s (after the flow development period). Panels on the right-hand-side show the tracer fields
at the same times but computed using the method of composition (WENO5 in space and TVD-RK3 in time, along with flow map composition). It is clear,
especially at 30 and 50 s, that the method of composition is less prone to spurious numerical errors.

To advect the sediment plumes, realistic dynamic ocean fields (currents, temperature, salinity, and ocean free-surface)
are simulated by our MIT Multidisciplinary Simulation, Estimation and Assimilation System (MSEAS). MSEAS has been uti-
lized for varied data-assimilative transports studies, including the Prestige oil spill [65], biogeochemical transports [6,15],
advection of drifting objects [61,64], and tracer plumes in the Bismark sea [16] and Southern California Bight [54]. The
MSEAS numerical schemes include second-order finite-volumes with leapfrog time-stepping and implicit two-way nest-
ing for multi-resolution hydrostatic primitive equation dynamics with a nonlinear free-surface [e.g.,38,68,37], as well as
a high-order finite element code on unstructured grids for non-hydrostatic processes [114,116,30]. The MSEAS software
has provided realistic data-assimilative simulations and predictions in varied regions of the world’s ocean and for varied
purposes [e.g.,69,121,39,67,33,97,63,14,52,110,111,66].

The present MSEAS simulation domain covers a 855.36 km x 650.43 km region around the Bismarck sea. The initial
ocean conditions were downscaled from the coarse analysis fields of January 15, 2016 of the 1/12° HYCOM (Hybrid Coor-
dinate Ocean Model) [18]. The higher-resolution MSEAS simulations were then run up to January 31, 2016, with full tidal
forcing [74]. For the dynamical and numerical parameters, as well as the validation of the MSEAS simulations, we refer to
[16].

Using these MSEAS four-dimensional dynamic ocean currents, we simulate the advection of passive plumes from two
sites in the Bismarck Sea. One site is the Solwara 1 proposed mining site [13]. The other is to the southeast, inside the
St. Georges channel. Both the release sites are at a depth of 1275 m below the sea level. For the present example, we
neglect the vertical movements of the material, and consider only its advection in the horizontal plane at 1275 m depth.
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Table 2
Relative errors in predicting sediment advection from two possible deep sea mining
sites over 5 days.

Advection method Relative error (%)
Regular advection: WENOS5, TVD-RK3 3.22%
Composition based advection: Donor-cell, forward Euler 1.04%
Method of characteristics: RK4 1.09%

We assume that the material is released in a square box around the two sites (shown in panel (a) of Fig. 8, Fig. 9, and
Fig. 10), on January 22 2016, 00:00:00Z. The sediment plumes are then advected by the dynamic ocean currents for 5
days. Without loss of generality for the present numerical study, it is assumed that there is no sediment diffusion. For
the sediment advection, the horizontal computational domain is discretized in rotated Cartesian grid of size 1152 x 876,
hence each control volume is of size 742 m x 742 m. The timestep is chosen to be the optimal timestep for the method
of composition (see Section 4.2), and the resulting mean CFL number is 0.8. The net duration of advection is 5 days. For
the method of composition, we use a first-order donor-cell (upwind) scheme for the spatial gradients and forward Euler
time marching. For the regular advection (i.e. without composition), we use the 5th-order WENO scheme for the spatial
gradients and TVD-RK3 time marching. Hence, we compare the first-order composition scheme to a much higher-order
regular advection scheme.

For contrast, we also advect the passive tracer plumes using the method of characteristics, i.e. by seeding Lagrangian
particles in the regions of interest and advecting them under the influence of the unsteady velocity field. This allows the
comparison between the method of composition and the method of characteristics/Lagrangian advection. For this purpose,
we seed each of the sites of interest with 900 uniformly spaced particles. These particles are advected using 4th-order
Runge-Kutta time marching.

Fig. 8, Fig. 9, and Fig. 10 show the advection of the two initial sediment plumes under the effect of the MSEAS dynamic
ocean currents over 5 days. We clearly observe that for the method of composition, even though it is only first-order, the
numerical diffusion is minimal and the hyperbolic nature of the advection process is well maintained. However, even when
using much higher 5th-order schemes, classic advection suffers from large numerical diffusion due to the compounding of
errors.

In the method of characteristics, as the particles are advected individually, no diffusion is expected, which is clearly
seen in Fig. 10. Comparing this with Fig. 9, as shown in Fig. 11, confirms the lack of numerical diffusion in the method
of composition, even though we solve a PDE in an Eulerian setting. The drawback of using the method of characteristics
when compared to the method of composition is however the loss of spatial accuracy in certain regions of the domain as
computations are carried out in a Lagrangian frame. This is especially clear from the zoomed plots in Fig. 11, where one
can observe this loss of spatial accuracy and coverage in certain regions, e.g. near the submesoscale eddies in the bottom
left plot and near the mouth of St. Georges channel in the top right plot.

For a more quantitative comparison of the three used methods (regular advection, the method of composition, and
the method of characteristics), we compute their relative errors with respect to a field advected using the method of
characteristics but using 16 times as many particles. The results are summarized in Table 2, where we see that the method
of composition yields more accurate solution than the method of characteristics. If the norm focuses only on the regions
where final errors are largest (e.g. where the particle coverage is low), the comparison is much more favorable for the
composition.

Further, as the composition based computation uses simple first-order schemes, it was about 30 times faster than the
regular high-order advection. The general advection patterns for the two schemes are logically similar (the velocity fields
used are identical), but the method of composition maintains sharp gradients and detailed features (effects of submesoscale
eddies, fronts, etc.), whereas sharp edges are smeared out by the regular advection. The method of characteristics takes the
least amount of time (half that of the method of composition) as its computations were parallelized over the individual
particles. However, the Lagrangian particles scheme looses accuracy in regions with low particle density (e.g. repulsive
regions), as shown above.

Finally, in operational simulations, turbulent sediment plume diffusion would be modeled, but for accurate sediment
forecasts, it would remain crucial for the spurious compounded numerical tracer diffusion to be eliminated. The present
composition based advection is an efficient solution.

6. Summary and conclusions

A novel methodology was derived for the numerical computation of advective transport and diffusion-reaction of tracer
quantities through flow map composition. The method of composition for advection is “super-accurate”, yielding numerical
solutions almost devoid of compounding numerical errors with an accuracy as that of particle based methods but with
the advantage of Eulerian resolution in space. It is also readily parallelizable in the temporal direction and can utilize
existing PDE toolboxes and computational frameworks. Instead of advecting a tracer field, we advect the spatial positions
in the domain and then map them with their corresponding initial (or diffused and forced) tracer value. This advection of
positions is carried out independently over smaller time intervals, and the advected fields are then composed together. Any
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Fig. 8. Sediment advection over 5 days from two possible deep sea mining sites, using regular advection with high-order WENO5 for the spatial gradients
and TVD-RK3 time marching.
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Fig. 9. As in Fig. 8, but using the method of composition with the first-order donor-cell scheme for the spatial gradients and forward Euler time marching.
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Fig. 10. As in Fig. 8, but using Lagrangian trajectory advection using the Runge-Kutta 4 advection scheme.
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Fig. 11. Comparison of the final sediment fields (on January 27 2016, 00:00:00Z), when advected using the method of composition (Fig. 9f) and trajectory
advection (Fig. 10f). The advected fields are extremely close to each other. However, the loss of spatial accuracy for trajectory advection can be seen in the
zoomed sections.

established numerical schemes (adaptive, high-order, etc.) may be used in conjunction with adequate interpolations for this
advection. There are several benefits to the new methodology: (i) as advection computations over each time intervals are
independent, the numerical errors are not compounded in time, which results in much higher accuracy and much lower
computational expense for comparable accuracy, (ii) these independent advection computations are parallelizable, (iii) only
a single advection computation is required for multiple tracers (when governed by the same underlying velocity field), and
(iv) any PDE toolbox can be used to compute the individual position advections, hence minimal programming is required.
Theoretically, we derive rigorous expressions for numerical errors and for the optimal composition timestep, i.e. the timestep
value that results in the minimum total numerical error. We also develop schemes for the addition of tracer diffusion,
reaction, and source terms, and for the implementation of boundary conditions.

The new methodology and its capabilities are thoroughly illustrated through a wide set of examples, including new
benchmark problems for advection-diffusion-reaction schemes. The forward-backward advection and advection-diffusion in
an analytical reversible swirl flow verify the behavior of errors for diverse numerical parameters, illustrate the effectiveness
of the optimal timestep for schemes of varied orders of accuracy, and show that the new methodology eliminates the
compounding of numerical errors and is faster than regular methods. The flow undergoing sudden expansion is then used
as an idealization of the exit of river or narrow strait into a wider channel or of a flow through constricted spaces within
urban structures. In such a challenging environment with unsteady meanders and eddies downstream, a tracer source and
multiple types of tracer boundary conditions are also included. By comparison with highly-resolved tracer fields, we confirm
that the novel methodology is more accurate and efficient than the regular advection schemes. Finally, the advection of
sediment plumes by ocean currents resulting from potential deep sea mining operations in the Bismarck sea are simulated
for two possible mining sites. We find that, even for low-order schemes, advection using the method of composition yields
minimal total numerical errors, much smaller than the errors of high-order Eulerian schemes and with a spatial coverage
much better than particle based methods.

Portability and the ease of implementation of our PDE based method of flow map composition make it attractive for ap-
plications in various domains. The methodology can be extended with minimal effort to the advection of stochastic tracers:
even if the uncertainties in the tracer and/or velocity fields are large, an accurate numerical advection is still needed for ac-
curate probabilistic prediction, either in a Monte-Carlo sense or using dynamic reduced-order models [28]. For the latter, it
would also decrease the computational cost dependence in the number of stochastic modes from quadratic to linear, which
is a substantial gain. Our method of composition is also related to the reinitialization ideas from level set methods [90,1],
and it can be used effectively in optimal path planning computations in two and three dimensions [77,110,109,64,66,53,56].
Composition based advection would also be effective in pressure correction methods for Navier-Stokes’ equations [29,3], by
iteratively composing the intermediate velocity fields. Dynamical systems analyses of Lagrangian transports and coherent
structures [40,27,55] and their marine applications [16,54] also depend strongly on the accuracy of the advection computa-
tion. Finally, other broad disciplines that rely on accurate simulations of material transport such as atmospheric emissions
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and plume dispersal [34,35], marine pollution [48,65,59,103], and biogeochemical prediction [82,92] could substantially
benefit from our composition based advection.
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