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Abstract—Underwater sound propagation is sensitive to spe-
cific environmental features and specific operational configura-
tion parameters. We illustrate the preliminary use of our de-
terministic and stochastic Dynamically-Orthogonal Wide-Angle
Parabolic Equations (DO-WAPEs) to classify and quantify the
effects of ocean uncertainties and source depth uncertainties
on the acoustic fields. We showcase initial results for the New
England Seamounts off the northeastern US coastline, emphasiz-
ing the effects of uncertain source depths and subsurface ocean
inflows and acoustic ducts. The stochastic DO-WAPEs predict the
probability distribution of the acoustic pressure and transmission
loss fields. The mean and standard deviation of the TL field are
described and linked to the ocean environment and seamount
geometry. Mutual information is predicted to identify the TL
locations most informative about the source depth.

Index Terms—Underwater sound propagation, probabilistic
forecasting, acoustics sensitivity, source-receiver configurations,
DO-WAPE, Gulf Stream, New England Seamounts.

I. INTRODUCTION

Underwater sound propagation is sensitive to specific fea-
tures, scales, and gradients in the ocean environment, from
turbulent processes at acoustic wavelengths to large-scale
circulations at basin scales [1–3]. However, because of the
limited ocean observations, wide range of scales, and dynamic
ocean processes, it is challenging to model and predict all
these acoustics-relevant ocean features at sufficient levels of
accuracy. In addition, the dominant sensitivities are themselves
not always well known or understood [4, 5], especially for
strongly nonlinear effects. Finally, acoustic sensitivities de-
pend on the sound frequency, source-receiver configuration,
and many other operational and environmental factors. To fur-
ther scientific understanding and augment acoustics modeling
capabilities, both process studies of nonlinear sensitivities and
stochastic modeling are useful. The former enables targeted
studies of complex processes using data and models, while
the latter augments deterministic modeling with probabilistic
environmental conditions and stochastic forcing inputs. The
results can capture the environmental inputs that matter and
organize them by their acoustic importance, both dynamically
and probabilistically [6, 7].

In this work, we illustrate the preliminary use of our deter-
ministic [8] and stochastic Dynamically-Orthogonal Parabolic
Equations (DO-ParEq) [9–13] to classify and quantify the
effects of ocean uncertainties and source depth uncertainties
on the acoustic fields. As our probabilistic acoustics charac-
terization is organized by variance [14–18], we can estimate

ocean variability and operational configurations that lead to
the largest variance in underwater sound pressure fields. We
report initial results for the New England Seamounts off the
northeastern US coastline in the Atlantic Ocean. We also
illustrate how one could use our DO-ParEq to identify the
features of ocean fields and operational configurations that
are most informative, in the sense of mutual information [19–
21], about underwater sound propagation. A long-term goal
is to utilize our nonlinear stochastic DO analysis to quantify
acoustics dynamical regimes and complete global dynamical
analyses of ocean acoustics sensitivity [7, 19, 22, 23].

The New England Seamounts are a chain of seamounts
located southeast of Georges Bank. The oceanography of the
deep water is dominated by the Gulf Stream (separating the
colder, fresher slope water mass from the warmer, saltier
Sargasso water mass) and the rings it sheds [24–28]. The
Gulf Stream passes through this chain, which affects its
stability [29] and the characteristics of its rings [30]. On the
shelf, the overall flow is to the southwest, starting from
Baffin Bay to the north and ending to the south at Cape
Hatteras [31]. Tides also play an important role on the shelf,
especially in the Bay of Fundy [32, 33] and in the strong
tidal rectification around Georges Bank [34–36]. Around the
seamounts, barotropic tides are much weaker than in shallower
coastal regions such as Georges Bank and the Gulf of Maine,
but internal tides and waves occur [37, 38]. Figure (1a) shows
an estimate of the 50 m sound speed field in this Gulf Stream
and New England Seamounts region, overlaid with current
vectors, for 0Z on July 5, 2024 [39]. Figure (1b) shows the
local bathymetry and the location for the acoustic section
shown in Figure (2).

The present probabilistic ocean acoustics work was devel-
oped in preparation for the New England Seamount Acoustic
(NESMA) collaborative sea experiment in the New England
Seamount Chain. An Intensive Observation Period (IOP) for
NESMA occurred in July 2024 [39]. Before and during
this NESMA IOP, we employed the MIT-MSEAS (Multi-
disciplinary Simulation, Estimation, and Assimilation Sys-
tems) to simulate and predict the ocean and underwater
acoustic fields. For the ocean, we utilize our MIT-MSEAS
data-assimilative Primitive-Equation (PE) submesoscale-to-
regional-scale ocean-modeling system [40, 41], initialized by
downscaling from global models and with data corrections.
Our ocean ensemble forecasts are initialized with 3D PE-
field perturbations from Error Subspace Statistical Estimation
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(a) 50 m sound speed field (m/s)

(b) Domain and bathymetry (m)

Fig. 1: MIT-MSEAS ocean modeling for the New England
Seamounts. (a) 50 m sound speed overlaid with current vectors, as
forecast by our ocean primitive-equation system for 0Z on July 5,
2024; (b) Simulation domain and bathymetry. The red line denotes the
location of the north-south DO-ParEq computational section (30 km
long) illustrated in Figure (3).

(ESSE) [20, 22, 42–44] and forced with stochastic tides and
air-sea fluxes [21, 45]. These probabilistic forecasts of ocean
sound speed and density fields are then used as inputs to our
acoustic modeling, specifically the MIT-MSEAS deterministic
ParEq and stochastic DO-ParEq systems.

In what follows, in Section II, we describe our integrated
stochastic ocean physics and stochastic acoustics methodology.
In Section III, we exemplify the preliminary results of our
deterministic and probabilistic ocean acoustics predictions in
the New England Seamounts region. We emphasize the effects
of uncertain source depths, subsurface ocean inflows, and
acoustic ducts. Finally, we conclude in Section IV.

II. METHODOLOGY

A. Ocean Physics

For ocean physics simulations, we employ the MIT-MSEAS
ocean modeling system. The main system is based on a
nonlinear free-surface hydrostatic primitive-equation model
[40, 41]. It uses second-order structured finite volumes and
is configured with generalized-level vertical coordinates and
implicit two-way nesting. The MSEAS primitive-equation can
simulate (sub)-mesoscale processes over nested domains with
complex geometries and varied interactions, using an implicit
two-way nesting/tiling. We can incorporate varied subsystems
into a particular instance of the MSEAS primitive-equation
solver including initialization schemes [41], nested tidal pre-
diction and inversion [46], fast-marching coastal objective
analysis [47], subgrid-scale models [6, 44], biogeochemical
models [48–50], and advanced data assimilation [22, 51].
MSEAS has been applied to ocean monitoring [52] and
ecosystem prediction and environmental management [53–56].
Directly relevant to present effort is the use of MSEAS for
ocean-acoustic uncertainty quantification and data assimilation
[57–66].

B. Ocean Acoustics
For ocean acoustics, we employ our deterministic and

stochastic acoustics Padé-WAPE models. Considering an
acoustic modeling domain, we denote the physical position as
x = (x⊥, η), where x⊥ denotes the two-dimensional trans-
verse coordinates and η the position in the range direction. In
general, the ocean environment is uncertain such that the sound
speed, density, attenuation, and acoustic fields are all uncertain
and thus stochastic: the sound speed field c = c (x⊥, η; ξ),
density field ρ = ρ (x⊥, η; ξ), attenuation coefficient field
a = a (x⊥, η; ξ), and outgoing complex-valued acoustic field
ψ = ψ (x⊥, η; ξ) all depend on ξ, the realization parameter.
Therefore, the Padé-WAPE is generalized to the following
stochastic PDE [8, 11, 67]:

∂

∂η
ψ (x⊥, η; ξ) = ik0

np∑
k=1

(
I+ bk,npX (x⊥, η; ξ)

)−1

ak,npX (x⊥, η; ξ)ψ (x⊥, η; ξ) , (1)

where np is the number of Padé series terms, and ak,np and
bk,np

for 1 ≤ k ≤ np are real coefficients given by

ak,np =
2

2np + 1
sin2

(
kπ

2np + 1

)
and

bk,np = cos2
(

kπ

2np + 1

)
.

(2)

In addition, the stochastic differential operator X (x⊥, η; ξ)
encodes the uncertainties in the stochastic squared effective
index of refraction n2

eff , defined respectively as

X (x⊥, η; ξ) =
1

k20
∇2

⊥ +
(
n2
eff (x⊥, η; ξ)− 1

)
I . (3)

and, using ρ for ρ (x⊥, η; ξ),

n2
eff (x⊥, η; ξ) =

(
c0

c (x⊥, η; ξ)

)2 (
1 + i

a (x⊥, η; ξ)

27.29

)
+

1

2k2
0

(
1

ρ
∇2ρ− 3

2ρ2
|∇ρ|2

)
. (4)
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If we fix the realization parameter ξ, the above Padé-WAPE
(1) is deterministic and we can use our MSEAS-ParEq system
[8]. It solves several versions of the Padé-WAPE [1, 68, 69].
It uses second-order spatial finite volume (FV) schemes for
the transverse space operators and high-order range marching
schemes. It is initialized by analytical starters [1] and self-
starters [70, 71]. The solvers employ efficient dimension-
splitting techniques for propagation in large domains and have
been validated on several benchmark cases [72, 73].

If we solve the stochastic Padé-WAPE system for many
realizations ξ, we employ the Dynamically Orthogonal (DO)
decomposition [9, 10, 15, 16, 18, 74, 75]. The DO theory
and schemes were used to derive instantaneously-optimal
range-dynamic stochastic reduced-order equations. With DO
schemes, the stochastic fields of the effective index of re-
fraction n2

eff (x⊥, η; ξ) and the complex envelope pressure
component ψ(k) (x⊥, η; ξ) for 1 ≤ k ≤ np are decomposed
as

n2
eff (x⊥, η; ξ) ≈

(
n2
eff

)
DO

= n2 (x⊥, η) +

n
s,n2∑
l=1

ñ2
l (x⊥, η)βl (η; ξ) , (5a)

ψ(k) (x⊥, η; ξ) ≈ ψ(k)
DO

= ψ
(k)

(x⊥, η) +

ns,ψ∑
i=1

ψ̃
(k)
i (x⊥, η)α

(k)
i (η; ξ) , (5b)

where n2 (x⊥, η) and ψ
(k)

(x⊥, η) are the statistical mean
fields for the index of refraction and complex pressure compo-
nent, respectively. The fields ñ2

l (x⊥, η) for l = 1, . . . , ns,n2

and ψ̃
(k)
i (x⊥, η) for i = 1, . . . , ns,ψ are DO modes that

form orthonormal range-dynamic bases for the index of re-
fraction and complex pressure component, respectively. The
DO stochastic coefficients βl (η; ξ) for l = 1, . . . , ns,n2 and
α
(k)
i (η; ξ) for i = 1, . . . , ns,ψ are each zero-mean stochastic

processes.

The DO methodology [9–11, 67] then proceeds to ob-
tain range-dynamic differential equations for the mean
ψ

(k)
(x⊥, η), DO modes ψ̃(k)

i (x⊥, η), and stochastic DO
coefficients α

(k)
i (η; ξ):

∂ψ
(k)

(x⊥, η)

∂η
=

Eξ
[
LWAPE

[
ψ(k) (x⊥, η; ξ) ; ξ

]]
, (6a)

∂ψ̃
(k)
i (x⊥, η)

∂η
=

ns,ψ∑
j=1

C−1
αiαj

Π⊥
ψ̃
Eξ

[
LWAPE

[
ψ(k) (x⊥, η; ξ) ; ξ

]
α
(k)
j (η; ξ)

]
,

(6b)

dα
(k)
i (η; ξ)

dη
=

〈
LWAPE

[
ψ(k) (x⊥, η; ξ) ; ξ

]
−

Eξ
[
LWAPE

[
ψ(k) (x⊥, η; ξ) ; ξ

]]
, ψ̃

(k)
i (x⊥, η)

〉
,

(6c)

where 1 ≤ k ≤ np is the Padé index, LWAPE is the stochastic

WAPE operator here written as [11, 67]

LWAPE = ik0
(
ak,np

X (x⊥, η; ξ)−
ak,np

bk,np
X2 (x⊥, η; ξ)

)
ψ(k) (x⊥, η; ξ) , (7)

Cαiαj
are range-dependent covariance functions defined as

Cαiαj
(η) = Eξ

[
α
(k)
i (η; ξ)α

(k)
j (η; ξ)

]
, (8)

and Π⊥
ψ̃

is a projection operator onto a space orthogonal to
the stochastic DO subspace

Π⊥
ψ̃
[v] = v −

ns,ψ∑
i=1

〈
v, ψ̃

(k)
i (x⊥, η)

〉
ψ̃

(k)
i (x⊥, η) , (9)

where v is a spatial field in the transverse space.
The DO-WAPE initial conditions, boundary conditions, nu-

merical schemes, Padé integrations, and implementation are
similar to the DO-NAPE and are discussed in [9, 11, 67].
We also refer to these references for additional details and
definitions. As part of the present work, we evaluated our
DO-WAPE schemes and implementation using an idealized
seamount test case [11, 67] and augmented the DO-WAPE
software to enable the present realistic seamount application.

III. APPLICATIONS

We now apply our MSEAS ocean physics modeling system
and deterministic and probabilistic ocean acoustics models to
the New England Seamounts region.

During the real-time experiment [39], our MSEAS ocean
forecasts were commonly 3 to 4 days in duration, using 100
optimized vertical levels and 2.4 km horizontal resolution.
Initial conditions were downscaled from two global models
(HYCOM and Mercator) and corrected using some data of op-
portunity. They were forced by blended atmospheric flux field
forecasts from the High-Resolution Window (HIRESW) 5 km
Model and Global Forecast System (GFS) 0.25◦ model from
the National Centers for Environmental Prediction (NCEP),
and by tides from TPXO9-Atlas of OSU adapted to the
higher-resolution bathymetry and coastlines [46]. We utilized
a bathymetry blended from the Shuttle Radar Topography
Mission (SRTM) 15-arcsecond global map [76] and the 1-
arcsecond NOAA coastal relief bathymetry [77]. Forecast
fields were issued daily and described using snapshot time-
series maps, sections, and interactive visualization [78]. The
data of opportunity and data from NESMA were processed
and displayed (Argo float and glider CTDs, NDBC buoy data,
and satellite SSH and SST), see [39]. We used these data to
evaluate the skill of our forecasts in real time, computing skill
metrics based on differences between measured values and
forecasts at data points.

To initialize the ESSE ocean ensemble forecast, we seg-
regated the historical June/July/August CTD profiles (2000–
2023) from the World Ocean Database [79] into six water
mass regions. Horizontal correlations for the deep water had
a 150 km decay scale and 375 km zero-crossing while the
shelf had 100 km decay scale and 250 km zero-crossing. Initial
velocity perturbations were computed using a 4000 m level of
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no motion. These perturbations were then applied to central
initial condition and boundary condition fields, downscaled
from Mercator or HYCOM. To simulate the uncertainty in
the ocean forcings, we tune and apply small random ampli-
tude/phase perturbations to the deterministic atmospheric and
tidal forcings, leading to stochastic ocean forcing [44].

In what follows, we illustrate our acoustic modeling in
preparation for the NESMA sea experiment and present pre-
liminary probabilistic ocean acoustics modeling using ocean
fields before observations from the IOP were assimilated.

A. Deterministic WAPE Simulations

Figure (2) illustrates sound propagation across the At-
lantis II Seamount at 0Z on March 11, 2024. On that day, the
Gulf Stream is impinging on Atlantis II, as visible in the sound
speed section (Fig. 2a). A sound speed minimum is present at
depths of about 500 m to 1000 m, with a slope from left to
right. Intrusions of colder waters from the shelf and slope off
Nova Scotia are also estimated in the upper layers, from about
50 to 200 m depths. Using the MSEAS-ParEq model [8], we
simulate sound propagation from a sound source at 910 m
depth and frequency of 550 Hz (Fig. 2b). The transmission
loss (TL) curve versus range at a receiver depth of 910 m
shows the decay in energy received before the seamount, an
increase at the seamount, and then a variation with range past
the seamount in response to the ocean features (Fig. 2a). The
TL highlights the effects of the seamount and sound-channel
variability, redirecting sound energy in the upward-sloping
sound channel past the seamount. In the upper ocean layers,
acoustic ducts are also simulated to occur at several depths
mostly within 50 to 200 m, enabling shallower transmission
and sound trapping over significant distances.

B. Stochastic DO-WAPE: Sensitivity to Source Depth

We now consider the effects of uncertain source depths on
underwater sound propagation across the Atlantis II Seamount.
Our MSEAS forecast of sound speed across the Atlantis II
Seamount in a north-south section of 30 km range for 0Z
on July 5, 2024, is shown in Figure (3). The upper 500 m
sound speed field highlights cold water inflows from the shelf
and slope off Nova Scotia from 50 m to about 150 m north
of the seamount (right side of the panels) as well as the
warmer surface layer sloping down to the south (left slide
of panels). It also predicts some cooler filaments of about 5
to 10 m thickness at shallow depths (around 10 to 50 m). The
full sound speed field shows the sound channel from 500 to
1500 m depth, with a range-dependent minimum sound speed
at depths of 600 to 800 m and of variable thickness.

For the stochastic acoustics, we employ our DO-WAPE
modeling. The north-south DO-WAPE computational domain
is the 30 km section whose ocean environment is illustrated
in Fig. (3) and location in Fig. (1b). The source frequency
f is 550 Hz. It is located at the southernmost edge of the
computational domain, at the left side of Fig. (3). The source
depth is uncertain with a uniform probability distribution
between 50 and 110 m. To represent this uncertainty, a total

(a) Sound speed vertical section (m/s)

(b) Transmission Loss (TL) field (dB) for a source depth of 910 m and 550 Hz
frequency. Cylindrical spreading was removed from TL.

Fig. 2: MIT-MSEAS sound propagation simulation around the At-
lantis II Seamount at 0Z on March 11, 2024. The cooler and sloping
sound channel (a), due in part to the slope water affects the TL curve
and field (b, right side). When combined with seamount effects, it
leads to upward-sloping acoustic rays and upward-sloping mid-depth
minima in TL. Upper-layer acoustic ducts are also observed within
depths of about 50 to 200 m.

of nr,ψ = 2000 realizations is employed for the source depth
and corresponding stochastic DO coefficients of ψ. The size
of the stochastic DO subspace for ψ was tuned to ns,ψ = 40,
and the number of Padé series terms in the DO-WAPE solution
was set to np = 15. The numerical spatial grid is discretized
with dz = 1 m and dη = 2 m. The computational saving
in using the DO-WAPE methodology instead of direct Monte
Carlo simulations is of the order of 2000/40 = 50.

Figure (4) illustrates some of the results of our numerical
integration of the stochastic DO-WAPE (6a-c). Specifically,
Figure (4a) shows the statistical mean TL field from 500 m
to 30 km range as obtained from the reconstructed DO re-
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Fig. 3: MIT-MSEAS forecast sound speed field (m/s) for the
Atlantis II Seamount at 0Z on July 5, 2024. The top panel is a zoom
to the upper 500 m; the bottom panel shows the full section. The
30 km section location is illustrated in Fig. (1b).

alizations of ψ while Figure (5a) shows the corresponding
statistical standard deviation of the TL field. As expected, the
mean TL field is much smoother than the 2000 TL realizations
reconstructed for the DO decomposition of ψ (not shown). It
nonetheless highlights shallow acoustic ducts and enhanced
subsurface propagation past the seamount from about 50 m
to 250 m depth. In response to the uncertain source depth,
the TL standard deviation field predicts the highest variations
(±16 dB) for the edges of the dominant rays, especially for
the steeper direct rays to the seamount. The reflected rays
past the seamount also show high deviations, especially for
the returning sound energy from surface bounces (±12 dB).

Next, we use our DO-WAPE uncertainty quantification and
information theory to estimate where the source depth affects
the TL field the most, given the seamount geometry and the
simulated sound speed field. Motivating questions include how
does acoustics dynamics transform the probability distribution
of the source depth, and which TL location provides the
most information about the source depth. We compute mutual
information (MI) between variables as MI generalizes co-
variance and correlation concepts to non-Gaussian probability
distributions and vector variables [19].

Figure (5) illustrates the predicted MI field between the
depth of the sound source and the TL values in the section. The
MI field indicates the TL locations most informative about the
source depths, and vice versa. The most informative locations
seem to be governed by a combination of uncertainty (standard
deviation) and reflections. For ranges smaller than the top of
the seamount, TL does not discriminate the original source
depth well. After the top of the seamount, there is a beam of
strong MI that tracks well with a similar beam in the standard
deviation, even fading out around 20 km range (where the
standard deviation beam also fades). In this beam, the higher
variability coupled with the details of the reflection renders
the TL a good discriminator of source depth. After 20 km, a

(a) MSEAS DO-WAPE TL Mean field (dB)

(b) MSEAS DO-WAPE TL Standard Deviation field (dB)

Fig. 4: MIT-MSEAS stochastic DO-WAPE simulations for the
Atlantis II Seamount at 0Z on July 5, 2024. (a) Statistical mean
TL field, as obtained from the DO-WAPE decomposition of ψ. (b)
Statistical standard deviation TL field, as predicted using the DO-
WAPE. The location of the 30 km section is illustrated in Fig. (1b).

second strong beam of MI tracks a similar strong beam of
standard deviation reflecting from the surface.

(a) MSEAS DO-WAPE MI field between TL and Source Depth

Fig. 5: Mutual Information between TL and sound source depth,
computed from the MIT-MSEAS stochastic DO-WAPE simulations
for the Atlantis II Seamount on 0Z, July 5, 2024. Again, the section
location is illustrated in Fig. (1b).
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IV. CONCLUSIONS

In this paper, we described preliminary deterministic and
stochastic Dynamically-Orthogonal Parabolic Equations (DO-
ParEq) simulations to classify and quantify the effects of
source depth uncertainties on underwater acoustic fields. We
showcased initial results for the New England Seamounts
off the eastern US coastline. The stochastic DO-WAPEs are
used to predict the probability distribution of the acoustic
pressure and transmission loss fields. The mean and standard
deviation of the TL field are described and linked to the ocean
environment and seamount geometry. Mutual information is
predicted to identify the TL locations most informative about
the source depth.

Our preliminary simulations indicate that the DO-ParEq
approach is a promising technique for classifying the en-
vironmental inputs that matter most for specific source-
receiver parameters and configurations. In the future, one could
study the sensitivity to different source-receiver configurations
(source/receiver depths, their separation, their number, etc.),
source frequency and spectrum, and ocean features and dy-
namics (Gulf Stream state, eddy field, subsurface filaments,
etc.). In general, we can utilize the DO-ParEq to simulate, de-
compose, and characterize the acoustic responses to variability
and stochasticity in the ocean features, seabed characteristics,
and operational acoustics parameters such as source depths,
ranges, and frequencies.
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